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Abstract 

A Kaluza-Klein model, with a matter source associated with Hawking radiation from an evaporat- 
ing black hole, is used to obtain a simple form for the radion effective potential. The environmental 
effect generally causes a matter-induced shift of the radion vacuum, resulting in the formation of a 
radion cloud around the hole. There is an albedo due to the radion cloud, with an energy dependent 
reflection coefficient that depends upon the size of the extra dimensions and the temperature of 
the hole. 
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I. INTRODUCTION 



Kaluza-Klein type models involving compactified extra dimensions produce effective 4d 
theories containing moduli fields (radions) that are associated with scale factors of the com- 
pact dimensions. Particle masses typically exhibit a radion dependence, and local matter 
sources contribute to an effective potential for these scalar fields. If the compactification is in- 
homogeneous, particle masses and charges can have spatial and temporal variations. Soliton- 
like structures associated with these scalars may result (see, for example, [H, 0, S 0, lEI), with 
possibly observable consequences. An extreme condition is considered here, where the mat- 
ter density from an evaporating microscopic black hole (MBH) may become large enough 
to give rise to an inhomogeneous compactification, resulting in a radionic cloud around the 
black hole. The reflective properties of this cloud endow the near horizon region with a 
radion induced albedo. 

Scenarios of this type involving a radion coupled to the radiative field around an evap- 
orating black hole have been studied previously in refs. B and 0. In B rather general 
conditions were considered, and in 0] attention was focused on finite temperature, one-loop 
quantum corrections due to a partially thermalized medium surrounding an evaporating 
black hole. The resulting effective potential is quite complicated, and difficult to represent 
in a simple closed form. Here, however, I take a more classical approach and consider a 
simple, but explicit, class of potentials V{ip) for the radion field ip. This type of radion 
potential was studied first by Davidson and Guendelman in [l], |2| in the context of a Freund- 
Rubin compactification, and later by Carroll, Geddes, Hoffman, and Wald (CGHW) in [s*], 
using an extra dimensional two-form magnetic field. Both treatments result in the same 
radion potential for the case of two extra dimensions, but the former treatment also holds 
for an arbitrary number n of extra dimensions. In either case, the resulting potential has 
a rather simple form for an assumed set of parameter relations. For simplicity and con- 
creteness, I specialize to the case of two extra dimensions, and refer to the radion potential 
V{(p) as the DG-CGHW radion potential, although its generalization for arbitrary n, given 
by [11,12, is also given below. In addition to functional simplicity, the potential allows the 
extra dimensions to be stabilized classically, without explicit quantum corrections. 

Using this simple DG-CGHW model, the full effective radion potential U{ip) can be 
developed which includes a matter-sourced correction due to the Hawking radiation matter 
field. The matter source contribution to the radion effective potential U{ip) depends, in a 
simple way, upon the local matter density p(r, t) and radion mass m^. A knowledge of these 
parameters then allows, in principle, a determination of the spatial and temporal variation of 
the radion field in the vicinity of the evaporating hole. The matter contribution can induce 
a shift, or complete destabilization, of the radion vacuum near the horizon, resulting in a 
"radion cloud" around the MBH. This cloud has an associated energy- dependent reflectivity, 
which can result in a distortion of the infrared portion of the Hawking radiation spectrum, 
as well as a partial reflection of low energy particles incident upon the MBH from the 
outside. By looking at the forms of the effective potential U near the hole's horizon and at 
asymptotic distances, it is suggested that the radion cloud has an evolving size R < m^^. 
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and a maximal reflection coefficient TZmax that depends upon the matter density phor near 
the horizon through the ratio phor / {n^l,M^) , where Mq = l/^/SnG is the reduced Planck 
mass. 



II. RADION EFFECTIVE POTENTIAL 



A. Effective 4d action 



We start by considering a D = {4 + n) dimensional spacetime having n compact extra 
spatial dimensions endowed with a metric given by 

dsl = cjMNdx^'Ux^ = g^^{x)dx''dx'' + b'^{x'')-frnn{y)dy"'dy'' (2.1) 

where x^^ = {x^, y™). Here M, N = 0,1,2,3, D — 1 label all the spacetime coordinates, 
while /i, z/ = 0,1,2,3, label the 4d coordinates, and m, n label those of the compact extra 
space dimensions. The extra dimensional scale factor b{x^) is assumed to be independent of 
the y coordinates and takes the form of a scalar field in the 4d effective theory. The extra 
dimensional metric jmniy) depends upon the geometryof the extra dimensional space and is 
related to gmn{x,y) by Qmn = b'^lmn- As in refs.[l|, Q, @], consideration is restricted to extra 
dimensional compact spaces with constant curvature, with a curvature parameter k defined 
by 

R[lmn] 



k 



n[n 



The action for the D dimensional theory is 

1 
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where go = detgMN, Rd is the Ricci scalar built from Qmn, A is a cosmological constant 
for the D dimensional spacetime, £2:1 is a Lagrangian for the fields in the D dimensions, = 
SttGd = VyK^ = VySnG, where G{Gd) is the 4d (D)-dimensional gravitational constant, and 
Vy = J '^"i/^/ItI is the coordinate "volume" of the extra dimensional space. A mostly 
negative metric signature (+,—,—,■■■,—) is used here. 

The action can be expressed in terms of an effective 4d action (see, for example,!^, 0] for 
details) which takes the form 

1 
2^2 



S 



d^x-^—g 



- 2nb''~^gf"'Vf,Vub - n{n - 1)6"^ V(V;,6)(V^6) 
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(2.4) 



in the 4d Jordan frame (with metric g^jiv), and I have defined a normalized field Lagrangian, 
t^D = VyC-D- A 4d Einstein frame metric g^y can be defined: 



n iiv 



b-g 



-9 
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(2.5) 
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The action S in fl2.4l) . in terms of the 4d Einstein metric, takes the form 



S = I d^xJ^ I 



2k^ 



n(n + 2] 



b~^g'"'{Vf,b){V^b) + n{n - l)kb 



-(n+2) 



c 



D 



A 



(2.6) 



where total derivative terms have been dropped. Furthermore, an effective 4d source, or 
matter, Lagrangian Cm can be defined in terms of the D dimensional source Lagrangian 
= VyCr) and the scale factor b: 

= b "Cd 



(2.7) 



A scalar radion field if with a canonical kinetic term is now defined by 

b = bo exp 



n(n + 2) b 
-—— — In — = ifi, 
bo 



n{n + 2) 



(2.8) 

where bo is some constant, which will be set equal to unity, and k = vSttG = ^/Stc/Mp = 



M-^ is the inverse of the reduced Planck mass. 



B. Radion potential V 

For a simple and concrete example, I use the radion potential studied in refs.[l|, Q, @] for 
the case of n = 2 extra dimensions having a constant positive curvature parameter k. I 
also adopt the same choices of parameter relations to obtain a simple functional form. The 
potential V has contributions from the curvature term in (12.61) . the cosmological constant 
term A, and either (1) an extra dimensional magnetic field due to F45 = y^pyjFo, where Fo 
is a constant, in Cd (see[8]), or (2) a Freund-Rubin term (see [11,0]) of the form 

= FmNPQ = d[M^NPQ], F^iyXa = ^"^^^^/^i^Ao- (2.9) 

The potential V obtained by CGHW for the case of n = 2 extra dimensions and an extra 
dimensional magnetic field F45 leads to a simple potential (written here in terms of the scale 
factor b, rather than in terms of the radion field </?) given by 

V{b) = A [b-^ - 2b-^ + b~^) (CGHW potential) (2.10) 

with the following relations and parameter choices: (see eqs. (36) and (37) in ref. ^]) 



where k = ^ q^^'^ = is the mass^ of the radion field [8|, Mp is the Planck mass, 
and Mo = 1/k = Mp/y/Wn is the reduced Planck mass. The form of V (see Figure 1; V is 
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also sketched in refs.pj and [8j) has one local minimum, which for the case = 2 is located 
at 6 = 1 (or (y9 = 0), with V{b = 1) = 0, followed by a barrier for 6 > 1, then an asymptotic 
decrease with \^ — » as 6 ^ cxd. 



Figure 1: A plot is shown of V[b)/X vs b. The local minimum occurs at 6 = 1 {^p = 0) where 
= 0. The local maximum occurs at 6 ~ 1.75 where V/X ~ .15. As 6 — >■ oo, V 0. 

For the more general case of n extra dimensions given by [l|,[2|, the Davidson-Guendelman 
(DG) potential arising from the Freund-Rubin term above is given by (with factors of k 
reinstated here) 

m = ^ - l^A^ - 1)^ + ^ (DG potential) (2.12) 

For the case of n = 2, requiring the potential to vanish at its minimum leads to the 
condition 

A^qf (2,13) 

Imposing the parameter choice A = k/2H? as in (12.111) then gives the same potential as 
in (12.101) with a local minimum at 6 = 1 where V = Q. For simplicity and concreteness, 
attention is restricted here to this simple form of the potential V for the particular case of 
n = 2 extra dimensions. For our case of n = 2, the potential V , given by (12.101) and (12. lip , 
has a local minimum at 6 = 1 (^9 = 0) where ^ = 0, a local maximum located at 6 > 1, and 
the potential falls off exponentially, — as 6 ^ oo. 

An equation of motion (EoM) is obtained from (12. 6p for the radion field if, 

where Cm is the matter Lagrangian which depends upon scalar, spinor, and vector matter 
fields, as weU as the radion field. Using field redefinitions, the ip dependence of Cm appears 
in particle masses mA{^) and in gauge coupling constants (see, e.g., [lii]). The matter 
Lagrangian will therefore contribute to an effective potential U {(p) for the radion. 
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C. Matter contribution Hawking radiation 



The matter contribution to the EoM for ip (or h) comes from the Hawking radiation [111] 
from an evaporating black hole with surface temperature T (as seen asymptotically). De- 
note this matter contribution to fl2.14p by cr = \^§^)- The Lagrangian Cm contains the 



\ 

matter and gauge fields, such as fermionic terms likej9|, llO| = ip{i'-) ■ d — m{ip))ip with 
m(Lp) = b'~^(ip)mo, (mo = const) and gauge field terms, such as that for the photon, 
Cp = —^b"'{ip)F^^F^^'^ . For a freely propagating electromagnetic field with F^yF^^" = 0, 
we have no contribution to a from Cp- However, particle modes with nonzero rest mass do 
contribute to a through terms like —a (mipip^ where 

= (2.15) 

with A labeling the particle species. (In the nonrelativistic flat space limit this a term 
is proportional to the fermionic energy density, —a (mipip^ ~ —ap. However, we want to 
consider a terms beyond the nonrelativistic fiat space limit. We will conclude that a ~ 
—ag^yT^" = —aTci for the more general case where T^^ is a classical stress-energy tensor, 
and that, classically, = « = const., independent of particle species.) 

Now, for simplicity, rather than using the field theoretic version of the matter Lagrangian 
Cm, let us follow the approach used by Damour and Polyakov[lo| and treat the matter with 
a classical description, replacing the field theoretic action with a classical particle action Sd- 
We consider particle modes having a nonzero rest mass mA{^) with O^Ca 7^ and write a 
classical action 

Sd = - ^ / dsAniA = - ^ 1 [g^u{xA)dx^^dx'2^^'^ 

A A 

^-^j^.l,n.l,„.i..,,.^,.^-S'H^-..,^I^.^C.. ,2.16) 

and identify y/—gCd = — ^aI ^A[gtiu{xA)dxAdxA]^^'^ 6^'^\x — xa)- A field theoretic 

2 d ( a/ — ) 

energy- momentum tensor for the matter fields, defined by T'^^ = —= —, is re- 

V-9 og^^ 

placed by an energy-momentum tensor 7^^*^ for the classical particles, with^ 

Tr = _ 2 = ^ V / m^«>:;5W(x - XA)dTA (2.17) 

where = dx^ /dr satisfies an "on-shell" constraint g^uU^u" = 1- Taking the trace gives 
%i = gf^uTcf = —7= ^ I mAS^^\x - XA)dTA = -Cd (2.18) 



With this set of definitions wc have Tqq > for both fields and classical particles. 
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We therefore find 

(J = = y^aACci,A = -y^aATci,A (2.19) 

A A 



for a A = const. The constant a a takes a value ua = a = — \l 2(n+2) '^^ which for our 



n = 2 model becomes a = —k/2. This can be seen[l2f| by considering the matter action 



S = -J2 [ mo,A dsA (2.20) 



A 

where mo, a is the constant Jordan frame particle mass for species A, and ds 



g^ydx^dx'^ is the Jordan frame line element, which by (12. 5p . is related to the Einstein 
frame line element ds = gfj,pdx>^dx'^ by ds = h~^ds. The matter action rewritten in the 
Einstein frame is 



A 

where the Einstein frame mass is 



j mo, A {h "dsA) = - j niAdsA (2.21) 



mA = & 2rno,A = exp l^-y'^^-^^-^ KV^j mo,A (2.22) 

Eqs. fl2J[5|) and (12:221) then give 

aA = 7^ = ~\ —, r — * for n = 2 2.23 

\j2{n + 2) 2 ^ ' 

From ( 12.19P we therefore have a = —aTd = for our n = 2 model. 

The Hawking radiation (for a neutral nonrotating black hole) is assumed to be a fluid with 
energy density p = Tq and a normal radial pressure component Pr = —T^, and tangential 
pressure^ Pt = —Tq = —T^ in the center of momentum frame, i.e., the rest frame of the 
black hole. We also assume the energy density and pressures to be related by the equations 
of state 

Pr = WrP, Pt = WtP, < Wr < I, < Wt < 1 (2.24) 

where Wr^x are constants. For an isotropic perfect fluid pt = Pr = P and Wr = wt = w 
with < w < 1. Let us deflne an effective pressure p and a parameter w by 

P=^{Pr + 2pT), W=^iWr + 2WT), 0<W<1 (2.25) 

so that an effective equation of state can be written in the form p = wp, as assumed by 
Zurek and Page[l3^ and by 't Hooft[l3|, where the Hawking radiation is regarded as a perfect 
fluid with the constant w = p/p E [0, 1]. 



The spacetime is assumed to have spherical symmetry. 
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The trace of the stress-energy tensor becomes 



rci = p- {Pr + 2pt) = [1 - {wr + 2wt)]p = (1 " 3w)p (2.26) 

For an ideal gas of noninteracting massless particles in thermal equilibrium, w = 1/3. 
However, we proceed by leaving w as a free parameter, subject to < w < 1 as assumed 



131 ] and ij]. This allows for a value of that can be positive, negative, or zero. With 



m 

( I2.19P and fl2.26p we obtain our approximate result 

= = -a%i = -«(1 - 3w)p (2.27) 

with the energy density p being dominated by relativistic particle modes. 

A couple of remarks are in order here. First, we note that and therefore p in (12.271) 
are generated by the particle modes with nonzero rest mass and do not include the energy 
density po and pressure po that is due to the massless (e.g. photon) components of the 
radiation. The total energy density and pressure of the entire fluid would be ptot = P + Po 
and Ptot = P + Po, respectively. Secondly, it may be that there are multiple components of 
the fluid corresponding to various particle species, with p = J2aPa, and each species may 
have an equation of state pa = Pa{p) which, in principle, could be complicated. However, in 
order to study the effects of the radiation, these difficulties are avoided here by our simple 
assumption that p/p = w = const., the same assumption made in the Hawking radiation 



fluid models of refs. [l3l| and[lj]. This seems palatable for a case where there are very few 
relativistic massive modes, at least on time scales sufficiently small compared to the black 
hole evaporation time scale M/ M. 

The EoM Hip + d^pV — a = for the radion field (p becomes 

dV 

n(p + — + a{l-3w)p = (2.28) 

0(p> 

An effective potential U{ip) is now defined hjU = V — a(p = V + Umatter, or 

2 

U{if) = V{(p) + a(l - 3w)pip = V{ip) + -a(l - 3w)p In b (effective potential) (2.29) 

K 

where In 6 = ^Kip for our model with two extra dimensions and we set U{ip = 0) = 0. The 
matter contribution to the radion effective potential is 

2 2a 

Umatter = -(^f = cT lu 6 = — Tdlnb = -T^i lufe = -(1 - 3w)p\nb (2.30) 

K K 

where the result 2a/ k = —1 from fl2.23p has been used. The sign of this matter term is 
controlled by the parameter w, and in the special case w = 1/3 then a ^ and matter term 
does not contribute to the radion effective potential. We note that for w < 1/3 then Umatter 
is a decreasing function for 6 > 1, while for i;; > 1/3 we have that Umatter is an increasing 
function for 6 > 1. 
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D. Radion effective potential, U 



With fl2.10p . fl2.1ip . fl2.29l) . and fl2.30p we can now write an explicit, but simple, effective 
potential in the form U{b) = V{b) — In 6, or 

\u{h) = (r^ - 2h-^ + h-^) - ^ In 6 (2.31a) 
A A 

= {h-^ -2h'^ + h-^) -Qlnh (2.31b) 

where 

%l 2%i (1 — 3w)yO 

Here, the parameter C, is dimensionless and C = C(^5 ^) is a function of radial distance r from 
the black hole since p = p{r,t). The assumed range of w allows a value of ( in the range 
-2p/A < C < p/A. 

Figure 2 gives a representation of U{b)/X for various positive values of ( {p < p/3). The 
asymptotic vacuum value of b occurs at 6o = 1 for C = 0; but for values of < C ^ -5 the 
vacuum value of b is shifted to larger values, 6 > 1, and the minimum of U becomes more 
negative. For values C ^ -5 the local minimum disappears, the vacuum state is completely 
destabilized, and U {ip) is a monotonically decreasing function whose slope depends on (. 




Figure 2: Plots of U{b)/\ vs. b are shown for positive values of C,. The dotted curve, with a 
minimum at f/ = and 6=1, has C = ^"^^ corresponds to the radion potential V{b)/\. The 
solid curves have C, = .3, .5, 1, 2, with the more negatively sloped curves corresponding to bigger 

The vacuum value of b occurs at 6o = 1 for = 0, but for < < .5 the vacuum value of b is 
shifted to larger values, b^ac > Ij and the minimum of U completely disappears for > .5. 

Figure 3 gives a representation of U{b)/X for various negative values of ( (p > p/3). The 
asymptotic vacuum value of b occurs at 6o = 1 for C = 0, but for larger values of |C| the 
vacuum value of b is shifted to smaller values, b < 1, and the minimum of U becomes more 
negative. 
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Figure 3: Plots of U{h)/X vs. h are shown for negative values of C,. The dotted curve, with a 
minimum at f/ = and 6=1, has C = and corresponds to the radion potential V(h)/\. The 
solid curves have = —.5, —1,-2, —3, with the lower minimum curves corresponding to bigger 
|(^|. The vacuum value of b occurs at 6o = 1 for C = Oi but for larger values of |C|the vacuum value 
of b is shifted to smaller values, b^jac < Ij ^-nd the minimum of U becomes more negative. 

Thus the vacuum values b^ac and ipvac become r dependent in general. Far from the hole, 
^ ^ and ipvac 0, byac 1- Near the hole, where ( 0, then ^ and b 1. 
Therefore (p interpolates between a positive or negative value (f ^ near the horizon to 
(yj = at asymptotic distances. As the hole evaporates and \(\ increases, any vacuum state 
near the horizon gets further shifted to smaller or larger values, depending on the sign of (. 
For C > a stable vacuum eventually disappears and the radion rolls to larger values until 
the hole's explosive end. 

III. RADION CLOUD AND BLACK HOLE ALBEDO 
A. Radion cloud 

An energy momentum tensor T^^, has been defined for the matter portion Cm of the 
effective 4d Lagrangian 

C = C^{(p) + Cm{^, a,ip,---) = ^{dipf - V{(p) + a,ip,-- ■) (3.1) 

and an energy momentum tensor S^i, can be written for the pure radion part 

S^^u = dfj^^dy^ - 9,,u'l^^= = d^^ipdyif - g^^ [ld"(pda(p - V{(p)] (3.2) 

The energy density part for the radion field, 

1 1 

^■00 = ^{do^pf - T^gmg'^^dr'pf + gmV{'p) (3.3) 
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vanishes asymptotically, but becomes nonzero near the evaporating black hole where Lp 
develops a nonzero vacuum value '^^ac due to the environmental effects of a nonzero C in the 
effective potential \J . 

For a nonradiating black hole (i.e., a matter- vacuum solution with = 0, T^i, = 0, 
(J = 0) we have the Einstein equation R^^i, — \g^uR = —k^S^u along with the radion EoM 
+ V'{ip) — (T = 0. The minimal energy radion solution {S^j^y = 0) is given by the trivial 
solution = (6 = 1). Therefore the gravitational field alone of the black hole has no 
effect on the radion and there is no radion cloud in this case. However, for a radiating black 
hole with nonzero values of a and ( outside the horizon, (p = is not a solution of the 
radion EoM and the radion field (p{r,t) must interpolate between a value of iphor 7^ near 
the horizon and (f = asymptotically. Since (f ^ is not at the minimum of V{(f), then 
V{ip) > 0, contributing a positive contribution to 5*00- There are nonnegative gradient terms 
contributing to 5*00 as well. So near the horizon, Sqq > 0, and asymptotically Sqq — ^ 0. 

The energy density of the scalar field if is concentrated near the MBH, where the gradient 
terms are large, and the radion field forms a cloud around it. The exact structure of this 
cloud requires a knowledge of the solution (p{r,t) to the EoM Dip + U'{ip) = 0. A crude 
estimate of the extent of this cloud of energy can be obtained by considering a thin shell 
of Hawking radiation at a radius r ^ rg where rs = 2GM is the radius of a Schwarzschild 
black hole. (Relativistic radiation with speed f ~ 1 is assumed, as a higher energy density is 
carried by relativistic modes.) At this asymptotic distance the mass 6M in the spherical shell 
is approximately constant as it propagates outward, so that SM ^ 47rr'^p{r,t)6r ~ P{t)6t 
where P{t) = —M{t) > is the power output of the radiation from the evaporating MBH 
and for the sake of simplicity I have neglected any time retardation effects in P{t). This 
gives a crude estimate for the matter density 

(3-4) 

At a fixed instant t the matter density drops off as r~^, while at a fixed distance r the 
density increases with time as described by the power output Pit). An outer "edge" of the 
evolving radion cloud, i.e. the cloud radius R{t), can be defined as a radial distance where the 
density p assumes a sufficiently small constant value, i.e., t] = p/X <^ 1 is a small constant, 
so that p ~ outside this radius. From fl3.4l) this cloud radius, where t] is a constant, is 
given by 

U^t) . £W = £W = (3.5) 

The ordinary Steffan-Boltzmann law for a perfect blackbody (no gravitational greybody 
effects assumed, for simplicity) with emitting surface area 47rr| gives P{t) = AnvgasBT'^ig/^) 
where g = (Nb + |A^f) is the effective number of degrees of freedom of relativistic particles 
and asB = is the Steffan-Boltzmann constant. Using rs = 2GM = and T = 
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1 



SttGM M 



■1 I 

f (where Mq = 1/k = I/VSttG is the reduced Planck mass) leads to 



240 M2(t) ^^-^^ 



From this, the cloud radius is given by 



^' 480r7 VM(t)y \M(t)) ^ ' 



where, for simplicity, I have set 4&Qri/{g/2) ~ 1 and M{t) is the black hole mass. The 
radion cloud grows in size as the hole shrinks, with R/ R ~ —M/M. From (13 .71) R approaches 
an upper limit -Rmax ~ near the explosive end of the MBH as M — Mq. The requirement 

that rs/R <^ 1 implies that <C ^ M^. Provided that the rather natural condition 
-C Mq is satisfied, then so is the requirement that R':^ rs- 

The energy dependent reflection coefficient (see below) TZ{uj) and transmission coefficient 
T{uj) = 1 — 7l{uj) for a particle of energy u will depend upon the variation in ip (or b) from 
the near-horizon region to the asymptotic region, along with the radius R of the cloud. The 
reflection coefficient approaches a maximal value T^max as particle energy u approaches a 
minimal value ^]. 



B. Radion reflectivity and black hole albedo 

Basic features expected of particle reflectivity by the radion field - a radion induced black 
hole albedo - can be obtained from the (flat space) results of [1] and other studies of particle 



reflection from ordinary (nonradionic) scalar field domain walls (see, for example, [l5l . Il6l . Il7 



18| ). In the case of photons, the radion cloud, treated as a scalar modulus domain wall of 



thickness ~ R, has a maximal reflection coefficient given by 

_ {bj - b',f _ (&L - 1)' 

(6? + bl) {bl^^. + 1) 

where 6i, 62 are the values of the scale factor b on the two different sides of a modulus 
wall. The two "sides" of our domain wall are the black hole horizon where b = bhor and 
the asymptotic region approximately a distance R away where 6-^1. The transmission 
coefficient is T{uj) = 1 — TZ{ijj) and for photons of energy uj we have the thin wall limit 
with TZ{uj) 7^(0) = T^max in the infrared limit a; ^ 0, where the photon wavelength 

> R. FromQ it was found from numerical calculations that 7^(a;)/7^max typically begins 
to become significant for energies uj < i.e., the thin wall limit. Note that 7?.max ~ 1 

when bhoT ^ 1, or bhor ^ 1- We may have bhor ^ 1 for C^hor ^ -5, at which point the near- 
horizon vacuum of U{b) completely destabilizes. For a near-horizon value of < C,hor < -5, 
one expects T^-max <^ 1, as there is a minimum of U that is not far removed from 6=1. 
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On the other hand, for negative ( with \(\ ^ 1 we have bhor ^ as C ^ — oo? in which 
case T^max 1 again. Since |^| increases with black hole temperature T, one expects TZraax 
to increase with increasing T. These considerations lead us to expect a possible alteration 
of the infrared portion of the transmitted Hawking radiation, as well as a partial reflection 
from near-horizon regions of low energy particles incident upon the black hole from outside. 
(The details of the spectral distortion, however, will depend upon the structure of the radion 
cloud.) On the other hand, for high energy photons with uj ^ the cloud becomes 

transparent (thick-wall limit) [9] with TZ 0. Similar qualitative statements are expected for 
massive particle modes. The black hole therefore has an energy-dependent albedo associated 
with the radion cloud, which in turn, is due to an inhomogeneous compactification of the 
extra dimensions near the horizon. 

The above deductions are based upon reflection and transmission characteristics in flat 
space. The effects of curved space would alter the gradient terms appearing in the Hip 
portion of the radion EoM, and therefore the gradient nature of the solution ip[r,t). The 
exact expressions for TZ^u) and T{u) would depend on the exact solution ip, but the basic 
quahtative features mentioned above for 7l{uj) are not expected to be significantly affected. 



C. C near the horizon 

In the limit of a static, ideal fluid in thermodynamic equilibrium, the local total energy 
density^ isjisi ptot ~ T*("'+i)/"', where T*(r) = T/^goo{r) = {^/g^SirGM)-^ is the blue- 
shifted Hawking temperature. In this limit = (1 — 3w)p/X ~ (1 — 3w)T*^^~^^^/'^ / X can 
become quite large or divergent near the horizon (or would-be horizon). (There can be 
significant backreactions on the metric, and the studies [l^, [13] suggest that the horizon could 
be removed by a (static) Hawking "atmosphere", with p remaining finite.) If the horizon is 
not removed by backreactions, the local energy density can diverge on the horizon, due to 



the diverging blue-shifted local temperature [l9l|. Furthermore, quantum field effects such as 



vacuum polarization [20|],[2l|],|22j are expected to play important roles and may contribute 
to the a = {dCm/dip) term in the effective potential. In any case, whether p diverges or 
remains finite near the black hole, the local value of |C| and a may become extremely large 
in the near horizon region, possibly leading to either hhor ^ 1 or hhor ^ 1. In either of these 
cases T^max 1, indicating an infrared radionic reflectivity. 



IV. SUMMARY 



A Kaluza-Klein model with two spherically compactified extra dimensions, studied pre- 
viously by Davidson and Guendelmann[l|, [2| and by Carroll, Geddes, Hoffman, and Wald^], 



Recall that ptot = p + po, or p — fptot, where / = p/ptot = 1 — Pa/ptot is the fraction of energy carried by 
nonmassless particles. 
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is examined here with attention focusing on the development of a radion cloud around an 
evaporating neutral, nonrotating MBH. The cloud owes its existence not to the gravitational 
field alone (a Schwarzschild solution is accompanied by a trivial radion solution (f = 0), 
but arises in response to the environmental effect of the Hawking radiation. The radiation is 
modeled as a fluid with an effective energy density p(r, t) contributing to the radion equation 
of motion. An effective pressure p is assumed to be related to p through an equation of state 
p/ p = w = const, with < w < 1, resembling the perfect fluid Hawking "atmosphere" 



models of refs. pi^] and [ij]. For the particular case w = 1/3, as is expected for a fluid of 
noninteracting masseless particles in thermal equilibrium, there is no environmental effect 
on ip. However, it is not assumed here that the fluid is in equilibrium, and the particle modes 
contributing to the energy density p = ptot — Po (where po is due to massless particle modes) 
are those associated with particles of nonzero rest mass. The matter contribution to the 
radion effective potential is Umatter = —Tci^^b = ~\(liab, which can be positive, negative, 
or zero, depending on the sign of C = (1 — 3w)p/X. A classical description has been used 
to estimate the a = {dCm/d(p) term in the radion equation of motion, but near the horizon 
quantum fleld effects such as vacuum polarization (2o| . (2l| . 22 1 are expected to be important 
and may contribute to a shift in the radion vacuum. 

The radion ip approaches a normal vacuum value ip ^ {b ^ 1) asymptotically, where 
the Hawking radiation energy density vanishes, but near the MBH the radion is shifted to 
a value p ^ {b ^ 1) for any C 7^ 0. Gradients of p and a nonzero radion potential V{p) 
then give rise to a radion cloud with nonvanishing energy density around the MBH. This 
radion cloud has an estimated size R(t) ~ energy dependent reflection 

coefficient Tl{uj) as studied inj^. This reflection coefficient has a maximum value 7?.max (given 
by (13.81) for the case of electromagnetic radiation in the flat space limit), which depends 
upon the parameter ( near the horizon. 7^(u;)/7?.max begins to become signiflcant for particle 
energies uj < R~^{t). Since the asymptotic compactiflcation radius for the extra dimensions 
is ~ the size of the cloud compared to that of the extra dimensions in asymptotic 

space is R{t)/m~^ ~ Mf)/M{t) which is initially small, but becomes of order unity at the 
end stages of the evaporation. An infrared portion of the Hawking spectrum detected by an 
external observer will be suppressed if TZ^ax — ^ 1, and some low energy particles incident 
upon the MBH from the outside will be reflected back. The amount of reflectivity depends 
upon the temperature T of the MBH (and therefore the parameter ( near the horizon) and 
particle energy u. For high energy particles {u ^ R~^) the radion cloud is transparent. The 
Hawking radiation contributes heavily to the effective potential U{p) for large \(\, in which 
case TZraax Hiay approach unity. For C < one may have a vacuum with bhor ^ 1, while for 
positive values ( > .5, the effective potential U{p) is completely destabilized, i.e., a local 
minimum disappears. In this case the slope of U is negative, and the radion rolls outward 
in time with b{t) increasing. In either case, when ^ 7^ 0, a radion cloud must develop, since 
p = and 6 = 1 is not a solution of the radion EoM. For C 7^ the radion infrared albedo 
effect increases as the MBH evaporates. Since transparency begins to set in at particle 



energies > i? ^ ~ (^) ^'fi ~ "^v" energy range of observable albedo effects {u < 
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will be very sensitive to the radion mass m^p and therefore the size of the extra dimensions. 
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